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Abstract. For ordinary modular forms, there are two constructions of a p- 
adic L-function attached to the non-unit root of the Hecke polynomial, which 
are conjectured but not known to coincide. We prove this conjecture for mod- 
ular forms of CM type, by calculating the the critical-slope L-function arising 
from Kato's Euler system and comparing this with results of Bellai'che on the 
critical-slope L-function defined using overconvergent modular symbols. 



1. Setup 

1.1. Introduction. Let / be a cuspidal new modular eigenform of weight > 2, 
and p a prime not dividing the level of /. It has long been known that if a is any 
root of the Hecke polynomial of / at p such that v p (a) < k — 1, then there is a 
p-adic L-function L PiCt (f) interpolating the critical L- values of / and its twists by 
Dirichlet characters of p-power conductor; see [MSD74, AV75, Vis76]. 

If / is non-ordinary (the Hecke eigenvalue of / at p has valuation > 0) then 
both roots of the Hecke polynomial satisfy this condition, but if / is ordinary, 
then there is one root with valuation k — 1 ( "critical slope" ) , to which the classical 
modular symbol constructions do not apply. Two approaches exist to rectify this 
injustice to the ordinary forms by constructing a critical-slope p-adic L-function. 
Firstly, there is an approach using p-adic modular symbols [PS11, PS09, Bellla]. 
Secondly, there is an approach using Kato's Euler system [Kat04] and Perrin-Riou's 
p-adic regulator map [PR95] (cf. [Col04, Remarque 9.4]). Although it is natural to 
conjecture that the objects arising from these two constructions coincide (cf. [PS09, 
Remark 9.7]), and the results of [LZllb] are strong evidence for this conjecture, 
prior to the present work this was not known in a single example. 

In this paper, we show that the two critical-slope L-functions coincide for modu- 
lar forms of CM type. In this case, Bellai'che has shown [Belllb] that the "modular 
symbol" critical-slope p-adic L-function is related to the Katz p-adic L-function for 
the corresponding imaginary quadratic field. We show here that the same relation 
holds for the Kato critical slope p-adic L-function, by comparing Kato's Euler sys- 
tem with another Euler system: that arising from elliptic units. Using the results of 
[Yag82] and [dS87] relating elliptic units to Katz's L-function, we obtain a formula 
(Theorem 3.2) for the Kato L-function, which coincides with Bellaichc's formula for 
its modular symbol counterpart (up to a scalar factor corresponding to the choice 
of periods). This establishes the equality of the two critical-slope p-adic L-functions 
for ordinary eigenforms of CM type (Theorem 3.4). 

1.2. Notation. Let K be a finite extension of either Q or Q p , where p is an odd 
prime. We write Koo = K(fj, p oo), K for an algebraic closure of K and K ah for 
the maximal abelian extension of K in K. A p-adic representation of the absolute 
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Galois group Gal(A/A) is a finite-dimensional Q p -vector space with a continuous 
linear action of Gal(A'/A'). 

A Galois extension L of A will be called a p-adic Lie extension if G = Gal(L/A) 
is a compact p-adic Lie group of finite dimension. In this case, we denote by A(G) 
its Iwasawa algebra; it is defined to be the completed group ring 

A(G) = \imZ p [G/U], 

where U runs over all open normal subgroups of G. We write Q(G) for the total 
quotient ring of A(G). If A is a p-adically complete Z p -algcbra, we shall write 
A/}(G) for A(g> A(G), the Iwasawa algebra with coefficients in R. 

If L is a complete discretely valued subfield of C p , we write 'Hl(G) for the 
algebra of L- valued distributions on G (the continuous dual of the space of locally 
L-analytic functions). This naturally contains A^(G) as a subalgcbra. When G is 
the cyclotomic Galois group L (isomorphic to Z x ), and i £ Z, we shall write £i for 
the element logoff) — * of TLq p (T) (where 7 is any element of T of infinite order). 

Assume now that A is a number field, and let S be a finite set of places of 
A (which we shall always assume to contain the infinite places). Let K s be the 
maximal extension of A which is unramified outside 5, and let V be a p-adic 
representation of Gal(A s /A). For an extension L of K contained in K s , write 
V) for the Galois cohomology group H 1 (Gal(A s /L), V). Let T be a Gal(A/ 
A)-stable lattice in V. If L C K s is a p-adic Lie extension of K, define 

H^ s (L,T) = ^mH 1 s (L n ,T), 

where L n is a sequence of finite Galois extensions of A such that L = \J L n and the 
inverse limit is taken with respect to the corestriction maps. Note that H^ w S (L,T) 
is equipped with a continuous action of G = Gal(L/A), which extends to an action 
of A(G). We also define Hl wS (L,V) = H^ S (L,T) ® Zp Q P , which is independent 
of the choice of lattice T. 

Similarly, let A be a finite extension of Q p , V a p-adic representation of Gal(F/F) 
and T a Gal(A/A)-invariant lattice in V. For a p-adic Lie extension L of F such 
that L = [J L n with L n /F finite Galois, define 

Hi (L,T)= lim H 1 (L n , T) and (L, V) = (L, T) ® Zp Q p . 

For a finite extension A of Q, denote by Ajf the ring of adeles of A. If f is 
an integral ideal of A, write A(f) for the ray class field modulo f. Let K(fp°°) = 
U„ K(fp n ), and define the Galois group G fp <~ = Gal(A(fp°°)/A). 

1.3. Grossencharacters. Let K be an imaginary quadratic field. We fix an em- 
bedding K ^-s> C. An algebraic Grossencharacter of A of infinity-type (m, n) is a 
continuous homomorphism %j) : A X \A^- — > C x whose restriction to C x is given 
by z i-4 z m z™. 

Let be the Artin map A x /K x — > Gal(A ab /A). We choose the normalizations 
such that 

6>(w q ) = [q]" 1 mod I q , 
where njq is a uniformizer at the prime q, I q is the inertia group and [q] is the 
arithmetic Frobenius element at q. Then we have the following well-known result: 

Theorem 1.1 (Weil, [Wei5G]). Let ip be an algebraic Grossencharacter of K , and 
let L be the finite extension ofQ inside C generated by ^(A x ). Then for any prime 
A of L, there is a (clearly unique) continuous character 

ip\ : Gal(A/A) — ► L x 

with the property that 

= iI>\k*- 
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The character is unramified outside the primes dividing if, where £ is the prime 
of Q below A and f is the conductor ofip. 

The choice of normalization for the Artin map implies that 

MM) = V>(cO _1 

for each a coprime to if. With these conventions, the Hodge-Tatc weights 1 of 
are given as follows. Let A be a prime of L, and /i a split prime of K, which lie 
above the same prime of L n K . Then the decomposition groups of /i and ~fi in 
Gal(P ab /P) are each isomorphic to Gal(Qp b /Q p ), and the Hodge-Tate weight of 
ip\ is m at \i and n at Jt. 

2. Comparison of Euler systems 

2.1. Elliptic units. As above, let K be an imaginary quadratic field, with a fixed 
choice of embedding K <-} C. Wc shall fix, for the remainder of this paper, an 
embedding K C compatible with this choice. In particular, for each integral 
ideal f, wc regard the ray class field K(f) as a subfield of C, and we write A"(f) + for 
its real subfield". 

Definition 2.1. If L is a subfield of C, a CM-pair of modulus f over L is a pair 
(P, a) consisting of an elliptic curve E/L and a point a G E(L) ioTS) such that 

• there is an isomorphism Endifi(P) = Ok, such that the resulting action 
ofEndKL(E) on coLie(P/PL) = KL is the natural action of K; 

• the annihilator of a in Ok is exactly f; 

• there is an isomorphism P(C) — > C/f mapping a to 1. 

Note that we do not assume that L D K here, hence the slightly convoluted 
statement of the first condition. 

Theorem 2.2. Let f be such that 0jSn(l+f) = {1}, f = f, and the smallest integer 
in f is > 5. Then there exists a CM-pair of modulus f over A'(f) + . and for any field 
L containing K(f) + , this CM-pair is the unique CM-pair of modulus f over L up to 
unique isomorphism. 

Proof. Consider the canonical CM-pair (C/f, 1) over C. This corresponds to a point 
Pf on the modular curve Y\(N)(C), where N is the smallest integer in f. 

Since N > 5 by assumption, the curve Y\ (N) has a canonical model over Q such 
that Yi (N) (L) parametrises elliptic curves over L with a point of order N for each 
LCC Our claim is then precisely that P f e Y 1 (N)(K(f) + ). 

It is clear that Pf G Y\ (N) (R), since there is a canonical isomorphism from C/f to 
the elliptic curve Pr = {y 2 = Ax 3 — — 33} where 172 and 53 are the usual weight 
4 and 6 Eisenstein series, given by z H> (p{z, f), p'(z, f)). Since f = f , the coefficients 
g2 and 33 are real, so Pr is indeed defined over R; and as p(z, A) = p(z,A), this 
uniformization maps 1 G C/f to a real point of Pr. Hence Pf G Yi(A)(M). 

On the other hand, it is well known that there exists a CM-pair of modulus f over 
K{f) (whether or not f = f), so P f G Y\(N)(K{f)). Hence P f G Y 1 {N){K(f)+). □ 

Remark 2.3. It follows from this construction that the canonical CM pair (P,a) 
over P(f) + becomes isomorphic over R to (Pr, image of 1 G C). So the complex 
conjugation automorphism of P(C) arising from this A'(f) + -model corresponds to 
the natural complex conjugation on C/f. 



We adopt the convention that the cyclotomic character has Hodge-Tatc weight +1; this is, of 
course, the Galois character attached to the norm map A^- — > R x , which has infinity-type (1, 1). 

2 We stress that K(f) is not a CM field in general, so the definition of if (f)+ depends on the 
choice of embedding, and in particular K(f) Jr is not a totally real field. 
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We recall the theory of elliptic units, as described in [Kat04, §15.5-6]. 

Theorem 2.4. For each pair (f, a) of ideals of K such that D (1 + f) = {1} and 

a is coprime to 6f, there is a canonical element 

«e f eA'(f) x , 

the elliptic unit of modulus f and twist a. If f has at least two prime factors, 
a ef G O^^y and for any two ideals a, fa coprime to 6f, we have 

(N(b) - [fa]) ■ a e f = (JV(a) - [a]) • b e f , 

where [a] = ( w^jx ) ^ ^ a K^(f)/^') * s ^ he arithmetic Frobenius element at a. 

Vital for our purposes is the following complex conjugation symmetry of the 
elliptic units: 

Proposition 2.5. Iff satisfies the hypotheses of Theorem 2.2, then we have 

^ = aef. 

Proof. This follows from the construction of the elliptic units. We have 

n ef = aOsiay 1 

where (E, a) is the canonical CM pair over K(f), and a 0g is the element of the 
function field of E constructed in [Kat04, §15.4]. 

By Theorem 2.2, E admits a model over K(f) + , and it is clear that if l is the 
nontrivial element of Gal(K(f)/ K(f) + ) arising from complex conjugation, we have 
i{ a E) = a E and hence (by the uniqueness of we have (o^e)' = a^E- Since 
a e E(K(j) + ), we deduce that 

^ej= (aM^a)" 1 = adEiay 1 = 
as required. □ 

Remark 2.6. Modulo differing choices of conventions, this is the formula labelled 
"Transport of Structure" in $2.5 of [Gro80]. 

2.2. Elliptic units in Iwasawa cohomology. Let p be a rational prime which 
splits in K. For fixed f (which we shall assume prime to p), the ideal g = fp n 
satisfies the condition PI (1 + Q) = {1} for all n ^> 0, so if (a, 6pf) = 1 we may 
define the elements a e fp™- These are norm- compatible (c.f. [Kat04, §15.5]), and we 
may extend their definition to all n > using the norm maps. 

Note 2.7. Since fp n has at least two prime factors for n ^ 1, we have a^fp n ^ 

Let S be a set of places of K containing the infinite places and the primes above 
p. Then we have the Kummer maps 

n L : Z p ® z 0* s — H l s {L, Z p (l)). 

Since the sequence of elements a e fp°° = (a e fp™ )n>o is & norm-compatible sequence 
of units, their images under the Kummer maps are corestriction-compatiblc, so we 
obtain an element 

a e fp ~ e fffV s (K(fp°°),Z p (l)) = lim^(/i(K),Z p (l)). 

n 

Theorem 2.8. Iff is Galois- stable, then we have 

(a^fp°° ) = a^fp°° ) 

where /.* is the involution of s (K(fp co )^'Zp(l)) induced by complex conjugation. 



CRITICAL SLOPE P-ADIC L-FUNCTIONS OF CM MODULAR FORMS 



5 



Proof. Immediate from Proposition 2.5, since fp n satisfies the conditions of Theo- 
rem 2.2 for all n > 0. □ 

Definition 2.9. We also define the element 

e fp ~ = (N(a) - [a])- 1 • a e fp ~ G Q(G fr «) ®A (Gfp ~) H^ S (K(^), Z p (l)), 

where A(Gf p °o) is the Iwasawa algebra of Gj p =o = Gal(_ftr(fp 00 )/_fC) awe? Q(Gf p <x>) 
its total ring of quotients. 

Note 2.10. The element e^ p ^ is independent of the choice of a. 
Corollary 2.11. We have £*(ej p °o) = ej p oo. 

Proof. The automorphism i» of s (Ktfp°°),Z p (l)) is A(Gf p °o )-semilinear, with 
the action of i on Gf p =° being given by conjugation in Gal(if/Q); hence i* extends 
canonically to the tensor product with Q(Gf p =o); and since t[a]t = [a], this finishes 
the proof by Theorem 2.8. □ 

Let W be any continuous representation of Gf p <x> on a one-dimensional vector 
space over some finite extension L of Q p . Then we have an isomorphism 

(1) ff I 1 W)S (^(fp°°) ) Z p (l)) ® Zp W iJ I 1 WiS (A-(fp°°),^(l)). 

Definition 2.12. _For an element w £ W, let e^ p aa{w) be the image o/ej p oo ® u> 
under (1), which is an element of 

Q(G fp ~) ® HG ^) Hl W:S (K{^),W{\)). 

Define 

eooH £ Q(T) ® A(r) H^siK^Wil)) 
to be the image of ej p oo (w) under the corestriction map 

Hl tS {K{^),W{\)) > Hl^K^Wil)). 

Lemma 2.13. IfW has no fixed points under Gb1(K (fp°°) / Kaa) , then we have 

eo„(«0 e H^siK^Wil)). 

Proof. Let / be the ideal in A(fp°°) generated by the elements (iVa— [a]) for integral 
ideals a prime to 6f. Suppose Gf p °o acts on W via the character r : Gf p =o — > L. 
Then we must show that the ideal in A(r) generated by the elements 

{(Na — r([a]) _1 [o]) : a is an integral ideal coprime to 6f} 

contains a power of p. However, if this is not the case, it must consist of elements of 
A(r) which all vanish at some character rj of T. Then x([a])r([o]) — rj([a}) vanishes 
for every a. By the Chebotarev density theorem, we must have r = which 
contradicts the assumption that r does not factor through T. □ 

We write cW for the representation of Gf p oo that acts on {lw : w € W} via 
9 ■ (lw) = i(igi) ■ w. 

Theorem 2.14. IfW has no fixed points under Gal(K(fp°°)/K 00 ), the element 

e 00 (w)€Hl 9rtS {K 00 /K,W{l)) 

satisfies 

t*(eao(iy)) = eoo(tu>) 
where i* is induced from the maps 

HUK(fp n ),W(l)) — Hlm P n ),{iW){l)) 

sending a cocycle r to the cocycle g 1— > tr(tgt), for each n > 0. 

We split the proof of the theorem into a number of steps. 
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Definition 2.15. Let A"(Gf p oo)(l) denote A(Gf p o°)(l) endowed with the action of 
Gal(K s / K) via the product of the cyclotomic character with the inverse of the 
canonical character Gal(K s / K) -» Gf p oc <—> A(Gf p =c) x , i.e. g.uj = \{g)g~ luJ f or 
any g 6 G&\(K S / K) and ui G A"(G). Here, g denotes the image of g in Gf p oo . 



Lemma 2.16. We have a commutative diagram 



H^ s {K{^)^ p {l))®^W 



H^ s (K(fp°°),W(l)) 



(2) 



/* 



H^ s (K(fp°°),Z P (l)) <<W — H^ s (K(fp°°), (iW)(l)) 



where the left-hand vertical map is the tensor product of the automorphism of 
s (if 00 ,Z p (l)) and the canonical map i : W — > iW , and the right-hand vertical 
map is as defined in the statement of Theorem 2.14- 

Proof. We will deduce this isomorphism by using an alternative definition of the 
Iwasawa cohomology which renders the horizontal maps in the diagram easier to 
handle. By Shapiro's lemma, we have a canonical isomorphism of A(Gf p oc )-modulcs 

J ff I 1 w .s(A'(fp°°),A/(l)) = HUK,M® Zp A«(G fp ~)(l)) 

for any Gal(A'" s /A')-modulc M which is finite-rank over Z p or Q p . 

Let t be the character by which Gf p =o acts on W , and define r* : A" (G) — > A" (G) 
to be the map induced by g — > T(g)~ 1 g. Then the natural twisting map 

3 ■ Hg{K, A'(G)(1)) ® W H$(K,A*(G)(1) ® W), 

is explicitly given as follows: if c : Gal(A' s /AT) -> A B (G)(1) is a cocycle and w G W, 
define 

j{c®w)(g) = T*(c(g))®w. 
We check that j(c <8>w) is a cocycle. Let h,g G Gal(A" s /AT). Then 

j(c <g> w)(gh) = T*{c(gh)) <g> w 

= T*(g.c(h)) <S) w + T*c(g) ® w 

= x(g) T *(g~ 1 c(h)) ®w + r*c(g) ® it) 
= x(g)T(g) g^ 1 [t* (c(/i))] ® w + r* (c(g)) (8) w 
= .9-b'(c® + j(c® w)(.g) 

Rewrite the diagram (2) as 

J ffi(A',A»(G)(l)) ® Zp W J™+ Hh(K,A*(G)Q)®W) 



(3) 



A»(G)(1)) ® Zp tW ^ H$(K,A*(G)(1) ® tW) 



It is then immediate from the description of j that the diagram commutes, which 
finishes the proof. □ 

Proof of Theorem 2.14- By Corollary 2.11 and Lemma 2.16, we have 



i*(e fp oo(ui)) 



-fp ! 



> (t,w). 
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The action of i* is clearly compatible with corestriction, so we have a commutative 
diagram 

ffiw,s(^(K°)>^(l)) Hl, s ( K oo,W(l)) 

L* L* 

HI, s {K{^),{lW){1)) — 4,8(^,^(1)) 
which implies that b^(e 00 (w)) = («/;), completing the proof. □ 

Lemma 2.17. Let V be any p-adic representation of G&\(K S /Q) . Then the re- 
striction map induces an isomorphism 

Hl,s(®oc,V) ► Hl^K^Vf^/^K 

Proof. The restriction map is induced from the restriction maps on finite level, 
which fit into the exact sequence 

. H^G^KjQn)^^ 8 ^^) . H%{Q n ,V) 

— Hl(K n ,Vf^ K ^ — H 2 (Gs,l(K n /Q n ),V G ^ KS / K ^). 

Since Q p has characteristic 0, the higher cohomology groups of any Q p -linear rep- 
resentation of the cyclic group of order 2 are zero. This gives the claim at each 
finite level, and hence in the inverse limit. □ 

Let a be the unique nontrivial element of Gal(.Koo/Qoo)- 

Lemma 2.18. We have a = 5i, where S is the unique element of Ga^K^,/ K) 
which acts on Qoo as complex conjugation. In particular, 8 is of order 2. 

Corollary 2.19. If a is the unique nontrivial element of Gal(AToo/Qoo)j then for 
any w £ W, 

a* (e oc (w)) = 5 ■ e QO (iw). 

Proof. As above, write a = Si. By Lemma 2.17, we have l* ■ e 00 (u') = e^ty;). 
Hence a* (e^u;)) = 5 ■ t* (e DO (w)) = 6 ■ eoo(bw). □ 

2.3. The two-variable L-function of K. We recall the construction (originally 
due to Yager [Yag82]) of a two- variable p-adic L-function from the elliptic units. 

Let p be one of the two primes of K above p. We choose an embedding K Q p 
inducing the p-adic valuation on K. Then for any finite extension L/K, and any 
Gal(K / K)-module M, we may define 

Z\ (L, M) =0ff' (L q , M) = H 1 (K p , Indf M). 
q p 

which is a Gal(L/if )-module. We also define 

Zl, 9 (K(fr°°),M) = hmZ^L.M) 

L 

where the limit is taken over finite extensions L/K contained in K(jp°°). 

We now recall the theory of two-variable Coleman series, as introduced, under 
certain additional hypotheses, by Yager [Yag82], and generalized to the semi- local 
situation here by de Shalit [dS87, §11.4.6]. Let £ = (Cp»)n>o be a compatible system 
of p-power roots of unity in K; and let be the completion oiK{fp°°) with respect 
to the prime *P of K above p induced by our choice of embedding K Q p , and 
Oqo the ring of integers of i 7 !^. (Thus Ooo is a complete discrete valuation ring 
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with maximal ideal generated by p, and its residue field is a finite extension of the 
unique Z p -extension of ¥ p .) 

Proposition 2.20. There is a unique morphism of A(Gf p <x>) -modules 

Col c : Zl WiP (K(fp°°),Z p (l)) — ► A d JG fp ~) 

with the following property: 

For each finite-order character r\ of Gf p °° which is not unramified at p, we have 

ColHu)(r,)=T(r,,C)- 1 ri(<Pr I E l°&p«) I . 

\<?eG fp m J 

Here (p is the unique lifting of the arithmetic Frobenius of G&l(K (fp°°) / K ) to 
Gsl(K (fp°°) / Koo) , m is any integer such that r\ factors through the quotient Gf p ™ = 
Gs\(K(fp m )/K), logqj is the logarithm map 

and 

r(v,0= E wW _1 ?»> 

<TGGal(if(fp~)(/ lp n)/if(fp»)) 

where n is the exact power of p dividing the conductor of r\. 
Definition 2.21. We let 

L f poo = Col c (e fp oc) e Coo ®z p <9(Gfp<»). 

Proposition 2.22. 77ie element Lf p oo Zies m and it coincides with 

the measure /x(fp°°) in [dS87, Theorem II.4.14]. 

Proof. We have (Na— [a]) -Ljpoo € Ag (Gf P °o) for all a. Since the ideal generated 
by AT a — [a] for all integral ideals a coprime to 6f has height 2, this implies that 
L fp =o GA goo (G fp =c) (cf. [dS87, §11.4.12]). 

To show that the resulting measure coincides with de Shalit's /x(fp°°), we compare 
the defining property of the map Col above with [dS87, Theorem II.5.2] . For a 
finite-order character r\ of Gf p ™ , whose conductor q is divisible by p and satisfies 
Ox n (1 +q) = {1}, de Shalit shows that 



iwr)) = ^(,,) e ^ _1 ([c])iog0 

ceci(e) 



where g is the smallest rational integer in g, ^> (c) is Robert's invariant and the 
quantity G(n) coincides with what we have called r(r], C)~ 1 ' r l{ ( f') n ■ Since 



(N(a) - [o])0,(c) = [c] • ( a e 8 ) 



this shows that the two measures coincide at every finite-order character, and hence 
they are equal in Ag (Gf p °°). □ 

Note 2.23. If one identifies G(fp°°) with the ray class group modulo fp°° via the 
Artin map, normalized as in §1.5 above, then this measure coincides with the pull- 
back of the Katz two-variable L-function of K (cf. [HT93, §4]j up to a difference of 
signs. This remark will be important in the proof of Theorem 3.4 below. 
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2.4. Kato's zeta element. Let f = a n q n be a modular form of CM type, 
corresponding to a Grossencharacter ip of K with infinity- type (1 — k, 0) where k 
is the weight of /. It is clear that the coefficient field F = Q(a n : n > 1) of / is 
contained in the finite extension L/K contained in C generated by ip(K x ). 

Following [Kat04, §6.3], we write S(f) and V(f) for the subspaces of the de 
Rham and Betti cohomology of the Kuga-Sato variety attached to /. Note that 
both of these are F-vector spaces, and S(f) is 1-dimcnsional over F while V(f) 
is 2-dimensional. For a commutative ring A over F, define SU(/) = S(f) C3f A 
and Va(/) = V(f) ®_f A. If A is a place of F above p, we may identify Vp A (/) 
with the p-adic representation associated to / of Dcligne [Del69] and Sf x (/) may 
be identified with Fil 1 B clis (V Fx (f)). 

Definition 2.24. Let \ be a Dirichlet character of conductor p n . We define the 
maps 9^ j by 

e% f : s(f)®Q®M — > y c (/) ± 

x®y i — > Y,creG n X(^)<^(y)pcr f (x) ± 

where G n = Gal(Q(/U p n)/Q), per^ : S(f) Vc(f) is the period map as defined 

in [Kat04, §6.3] and 7 >-> 7 ± is the projection from Vc(f) to its (1- dimensional) 
±l-eigenspace for the complex conjugation. 

Theorem 2.25 ([Kat04, Theorem 12.5(1)]). We have a L\-linear map 

V Lx (f) — ► fl"^, s (Qoo,Vx(/)) 

ry 1 K „KatO 

7 1 ► z 7 

which satisfies the following. Let x be a Dirichlet character of conductor p n , 7 £ 
V L (f) and 1 < r < k - 1, £/ien 

^oexp* (z« at ° ® (C P -) 8(fc - r) ) - (2m) k - r - 1 L {p} (r, X ,r) • 7 ± 

w/iere ± = (-l) fc - r - 1 x(-l). 

Let f be an ideal of Ok satisfying the conditions in Theorem 2.2 which is con- 
tained in the conductor of ip. Let (E,a) be the canonical CM-pair over K(f). 
Following [Kat04, §15.8], we define V L {i>) = H 1 (E(C),Q)®l k - 1 '> ® K L and S{ip) = 
H°(Gal(K(f)/K),coUe(E)®( k -^ ® K L), where the action of Gal(K(f)/K) on the 
space coLiet-E^^WL is as described in op.cit.. Both of these are 1-dimensional 
L-vector spaces. For any commutative ring A over L, we write Va(iP) = Vl{iP)®l,A 
and Sa(i/>) = S(ip) ®l A. The Galois group Gal(if//\) acts on Vl(iP) ®l £a via 
ip\, and there exists a period map 

per^ : Sty) » V c ty) 

induced by passing to the (k — l)-st tensor power from the comparison isomorphism 
pcr^ described above. 

We now recall Kato's results on the relation between this zeta element and the 
elliptic units. 

Lemma 2.26 ([Kat04, Lemma 15.11]). Fix a choice of isomorphism of L -vector 
spaces 

s : Sty) — S L (f). 
(a) There exists a unique isomorphism of representations o/Gal(Q/Q) over L\ 

V^ty) — * V Lx {f) 

such that the isomorphism SL x ty) induced by the functoriality 

o/DdR is compatible with s. 
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(b) There exists a unique isomorphism of representations o/Gal(C/R) over L 

VlW — * V L (f) 

for which the diagram 

Sty) -^1 V^fty) 



S L (f) Vc(f) 

commutes. 

Note that the isomorphism of part (b) implies an isomorphism Vl x (iP) —— > 
Vr, x (f) on extending scalars to L\, but one does not know that this coincides 
with the isomorphism of part (a), as remarked in [Kat04, §15.11]. 

Definition 2.27. We write for the canonical map 

HL, s (K(fp°°),V Lx ty)) - ffiw,s(Qoc,^(/)) 

as defined in [Kat04, (15.12.1)]. 

Concretely, this map can be defined as follows: 



tf|(Q,Ind| (A«(T)®V £jk ty))) — ff£(Q,A»(T)®V ix (/)). 

Theorem 2.28. Le£ 7 G Vl(iP) and write 7' /or its image in Vl(/) under the map 
given by Lemma 2.26(b). Then we have 



**,f (each)® (Cp") S 



(-l)j = z Kato_ 

Proof. This is [Kat04, (15.16.1)]; it is immediate from a comparison the interpolat- 
ing properties of the two zeta elements, since an element of -ffi w (Qoo/Q, is 
uniquely determined by its images under the dual exponential maps at each finite 
level in the tower Qoo/Q- □ 



Proposition 2.29. We have a commutative diagram 



w.SVVfoo 




,v Lx (f)) 



HL s (K„>,v Lx y>) © iV Lx (w 



where the left-hand vertical map sends x to x © 8 ■ L*(x), and the diagonal isomor- 
phism is given by restriction. 



Proof. Clear. 



□ 
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3. Critical-slope L-functions 

Let / be a modular form of CM type, as above, and ip the corresponding 
Grossencharactcr. We choose a basis 7 of Vl (?/>), and let 7' be its image in Vl(J) 
under the isomorphism of Lemma 2.26(b). 

We fix an embedding K <—t Q p which induces the A-adic valuation on L. This 
gives an embedding Gal(Q p /Q p ) <-t Gal(K/Q), whose image is contained in the 
subgroup Ga\(K/K). This gives a localization map 

loc p : H^siQ^M) > Hi w (Q Pi00 ,M) 

for each Gal(i4r s /Q)-module M. Moreover, we have a map 

loc p : H^siK^M) 4(Q Pl oo,M) 

for each Gal^^/i^-module M, and we clearly have loc p = loc p oresx/Q- 

Via the isomorphism of Lemma 2.26(a), the space Vl x (/) is isomorphic as a rep- 
resentation of Gal(Q p /(Q) p ) to Vl x (tp) © 1 {Vl x (VO)- Note that t does not normalize 
the image of Gal(Q p /Q p ), so the two factors are non-isomorphic; indeed Vi x (V>) 
has Hodgc-Tate weight 1 — k, while 1 {Vl x {iP)) has Hodge Tate weight 0. Hence 
we have 

i 0Cp (4 at °) G v L M) © fliw(Qp,oo, ^VlM))- 

Let us write p^ and pr 2 for the projections to the two direct summands above. 

c p (zK, ato ) to Hl w (Q p>oc , 



By Corollary 2.28, the projection prj \oc p (z^ ato ) to Hl w (Q Pt00 , V Lx (tp)) is 



loc p (e 00 ( 7 )®(C P ")® ( " 1) ) 



By Proposition 2.29, we see that the projection of loc p (zy ato ) to the other direct 
summand is 

6 ■ loc p [ t , (000(7) ® (Cp»)® (_1) )] = [S ■ loc p (t*(e 00 ( 7 )))] ® (C P »)® (_1) - 
We have 

t* (eoo(7)) = e oo(t7), 

so this simplifies to 

pr 2 {\oc p z^ to ) = S ■ [loc p (eooC^y))] ® (Cp")® (_1) - 

Definition 3.1. Lei e A(T) ® Zp B cris (14 A (VOO - 1)) and £ A(T) ®z p 
D'cris(''VL x (ip)(k — 1)) &e £/ie unique elements such that 



.2- 



We shall see below that if g = / is the complex conjugate of /, then j will be 
the ordinary p-adic L-function of g, and L p 2 is the critical-slope p-adic L-function 
of g. 

Theorem 3.2. For every character r\ o/F, we have 

=hp°°{r) (ikx*- 2 )" 1 )-**-^ 

and 

= (£ • fa (V^T*) • '7- 

Proof. For brevity, we shall write for (Cp" ) S)J j considered as a basis vector of 

Qp(i). 

It is easy to see that if £ is a character of Gf p =o of the form x^r, where r is 
unramified and j > 0, and is any crystalline representation with non-negative 
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Hodge- Tate weights, then for any x £ H± W (K (fp°°) , V) and any choice of basis ej 
°f QpiO we have 

Note that if £ takes values in the finite extension L/Q p , this is an equality of two 
elements of L <S> (g> D cr i s (F(£)): the element t~ 3 e^ £ B cr j s ®q p L(£) transforms 
via r under Gq p , and hence lies in F^ <2> Deris (£(£))> since the periods of unramificd 
characters lie in F^ C B cr i s . 

We apply this result with V = Q p (the trivial representation), x = ej p oo gj e_i, 
and various values of £. Firstly, taking £ to be the cyclotomic character, we have 

Ljpoo = £ AqJ(i) ( e fp°° ) j 

and thus 

(4) L fp ~ ( V ) = (e fr - ® e^Xx- 1 ??) ® 

On the other hand we have 

The group Gq p acts on Vi A (^))(fc — 1) via the unramified character X k ~ 1 4 ; L x , so 
this is 

LIM = ( eoo ® e_x) ((x'-Vxx)- 1 ^) ® (^S) ® (^efc-i). 

Comparing this with (4), we deduce that 

= L fp ~ ((x fe - 2 ^L A )-S) ® (t*- x 7 ) ® (i 2 " fe e fe _ 2 ). 
If we identify D cr ; s (Q p (fc — 2)) with Q p in the usual way, t 2 ek-2 is sent to 1. As 
remarked above, the element t fc-1 7 £ B cr j s ®q p Vr^ (V 1 ) lies m i 7 ^ g>Q p B cr i s (VL A WO)- 
So if tu is a A'-basis of S(ip), then the image of u> under the crystalline comparison 
isomorphism is a basis of D cr i B (Vi, x W)): and if we define fi p = (7 ® ei-k)/u>, this 
will lie in F^ and our result becomes 

We now turn to LZ 9 . We have 

J&fa) = ^(VL,W))(fc-l) (Pr 2 (^ at °) ® e k -i) (V) 
= £ 2v£w)(k-i) ■ e -( l 7)) ® e fc „ 2 ) (77) 

The group Gq p acts on l{Vl x {iP)) by the character ip L x , which is unramified; so this 
is 

LIM = (-l) k - 2 v(S)(£ . . . 4- 2 )(r?) • C^;- ( eoo ® e_0 ((x^Va)" 1 ^) 

= (-l) fc - 2 r?(5)(4 • ..tk-2)(v) ■ Lf P ~ ((x^VlJ -1 *?) ® * 2 " fee fe-2 ® t 7 . 

As above, we identify t 2 ~ k ek-2 £ ^cris(Qp(k — 2)) with 1 £ Q p ; and if cj is a 
basis of Si, (?/;), the image of to; under the comparison isomorphism is a basis of 
lD>cris(t(VL A WO)), so if we define Q£ = (lj)/(luj) this becomes 

J&afa) = (-l) h - 2 vmo ■ ■ • 4- 2 )(r?) • L fp ~ ((x^VlJ-^) • fi>. 

□ 
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Definition 3.3. Let u be a basis of Sl(jP) as above, and let L p>a (g) and L p ^(g) 
be the elements of%£ x (r) defined by 

l p,i = L pAg) ■ ^ 

and 

L p,2 = l p,p(9) ■ LUJ . 

Then L Pj0l and L Pi( g are the p-adic L-functions attached to g, where a and (3 are 
respectively the unit and non-unit roots of the Hecke polynomial of g. 

As shown in [Kat04, §16], this is consistent with the classical Amice- Velu-Vishik 
construction of the ordinary p-adic L-function L Pt0l (g), and thus it is natural to 
regard L p ^(g) as a candidate for a critical-slope p-adic L- function. This is the 
definition of the Kato critical-slope L-function used in [LZlla]. 

Theorem 3.4. Up to multiplication by two nonzero scalars, one for each sign, 
L Pt p{g) coincides with the modular symbol critical- slope L-function L^p(g) attached 
to the non- ordinary p- stabilization of f in [Bclllb]. 

Proof. This follows by comparing the formulae of Theorem 3.2 with Theorem 2 of 
[Bell lb]. Note that Bellaiche shows that if p\ and p2 are the two characters by 
which Gal(A'/A') acts on V*, then 

L P,a{9){ 7 l) = Lfp-A^fT 1 ) ■ (constant*), 
Lf${9){n) = (to ■ --tk-iKv) ■ hp-ipirr 1 ) ■ (constant*). 

Here constant* indicates an equality of distributions on T up to multiplication by 
two nonzero constants (one for each sign). On the other hand, we have proved that 

Lp, a (g)(n) = Lf p co(xpT lr l) ■ (constant), 
L P,l3{g)(v) = (4 ■ • • 4-2)(??) • !Lfj,°o (xp^v) ■ (constant). 

To reconcile these formulae, we note that the p-adic L-function Lj p =o satisfies a 
functional equation [dS87, §11.6] 

Lf P ~W»7)) =C(r ? )-L fp oc( X r ? - 1 ), 

for a function C{rf) (involving a p-adic root number and various other correction 
terms) which depends only on the coset of r\ modulo characters factoring through 
Gal(Q+ /Q). Since i(pi) = P2 and vice versa, we deduce that 

L p , {g) = L™*{g) ■ (constant*). 

Since the modular symbol L-function is only defined up to scalars, this completes 
the proof. □ 

Note 3.5. Both Kato's and Bellaiche's critical- slope p-adic L-functions are only 
defined up to multiplication by a nonzero constant for characters of each sign; in 
Kato's construction these constants correspond to the choice ofj, whose projection 
to each of the ± eigenspaces of complex conjugation must be non-zero. It seems 
natural to ask whether one can choose normalizations for both in a compatible fash- 
ion so Theorem 3.4 holds exactly, but the present authors do not feel sufficiently 
familiar with the modular symbol construction to comment further. 



14 



ANTONIO LEI, DAVID LOEFFLER, AND SARAH LIVIA ZERBES 



References 

[AV75] Yvcttc Amice and Jacques Velu, Distributions p-adiques associees aux series de Heche, 
Journees Arithmetiques de Bordeaux (Conf., Univ. Bordeaux, 1974), Asterisque, vol. 
24-25, Soc. Math. France, Paris, 1975, pp. 119-131. MR 0376534. 

[Bellla] Joel Bella'ichc, Critical p-adic L-functions, to appear in Invent. Math., 2011. 

[Bclllb] , P-adic L-functions of critical CM forms, preprint, 2011. 

[Col04] Pierre Colmez, La conjecture de Birch et Swinnerton- Dyer p-adique, Asterisque (2004). 
no. 294, ix, 251-319. MR 2111647 (2005i:11080). 

[dS87] Ehud de Shalit, Iwasawa theory of elliptic curves with complex multiplication, Perspec- 
tives in Mathematics, vol. 3, Academic Press Inc., Boston, MA, 1987. MR 917944. 

[Del69] Pierre Deligne, Formes modulaires et representations l-adiques, Seminaire Bourbaki 11 
(1968/69), Exp. No. 355, 139-172. 

[Gro80] Benedict H. Gross, On the factorization of p-adic L-series, Invent. Math. 57 (1980), 
no. 1, 83-95. MR 564185. 

[HT93] Haruzo Hida and Jacques Tilouine, Anti-cyclotomic Katz p-adic L-functions and congruence modules, 

Ann. Sci. Ecole Norm. Sup. (4) 26 (1993), no. 2, 189-259. MR 1209708. 
[Kat04] Kazuya Kato, P-adic Hodge theory and values of zeta functions of modular forms, 

Asterisque 295 (2004), ix, 117-290, Cohomologies p-adiques et applications 

arithmetiques. III. MR 2104361. 
[LZlla] David Loeffler and Sarah Livia Zerbes, Wach modules and critical slope p-adic L-functions, 

to appear in J. Reine Angew. Math., 2011, arXiv: 1012.0175. 
[LZllb] , Iwasawa theory and p-adic L-functions over 7, p 2 -extensions, preprint, 2011, 

arXiv: 1108. 5954. 

[MSD74] Barry Mazur and Peter Swinnerton-Dyer, Arithmetic of Weil curves, Invent. Math. 25 
(1974), 1-61. 

[PR95] Bernadette Perrin-Riou, Fonctions L p-adiques des representations p-adiques, Aster- 
isque 229 (1995), 1-198. MR 1327803. 

[PS09] Robert Pollack and Glenn Stevens, Critical slope p-adic L-functions, preprint, 2009. 

[PS11] , Overconvergent modular symbols and p-adic L-functions, Ann. Sci. Ec. Norm. 

Sup. 44 (2011), no. 1, 1-42. MR 2760194. 

[Vis76] Misha Visik, Nonarchimedean measures associated with Dirichlet series, Mat. Sb. (N.S.) 
99(141) (1976), no. 2, 248-260, 296. MR 0412114. 

[Wei56] Andre Weil, On a certain type of characters of the idele-class group of an algebraic 
number-field, Proceedings of the international symposium on algebraic number theory, 
Tokyo & Nikko, 1955, Science Council of Japan, Tokyo, 1956, pp. 1-7. MR 0083523. 

[Yag82] Rodney Yager, On two variable p-adic L-functions, Ann. of Math. (2) 115 (1982), no. 2, 
411-449. MR 0647813. 

(Lei) Department of Mathematics and Statistics, Burnside Hall, McGill University, 
Montreal QC, Canada H3A 2K6 

E-mail address: antonio.lei@mcgill.ca 

(Loeffler) Mathematics Institute, Zeeman Building, University of Warwick, Coventry 
CV4 7AL, UK 

E-mail address: d.a.loeffler@warwick.ac.uk 

(Zerbes) Mathematics Research Institute, Harrison Building, University of Exeter, 
Exeter EX4 4QF, UK 

E-mail address: s . zerbesSexeter . ac .uk 



